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Abstract

An online reinforcement learning algorithm is anytime if it does not need to know in advance the
horizon T of the experiment. A well-known technique to obtain an anytime algorithm from any non-
anytime algorithm is the “Doubling Trick”. In the context of adversarial or stochastic multi-armed
bandits, the performance of an algorithm is measured by its regret, and we study two families of
sequences of growing horizons (geometric and exponential) to generalize previously known results
that certain doubling tricks can be used to conserve certain regret bounds. In a broad setting, we
prove that a geometric doubling trick can be used to conserve (minimax) bounds in Ry = O(\/T)
but cannot conserve (distribution-dependent) bounds in R = O(InT). We give insights as to why
exponential doubling tricks may be better, as they conserve bounds in Rz = O(InT'), and are close
to conserving bounds in Ry = O(V/T).
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1. Introduction

Multi-Armed Bandit (MAB) problems are well-studied sequential decision making problems in
which an agent repeatedly chooses an action (the “arm” of a one-armed bandit) in order to maximize
some total reward (Robbins, 1952; Lai and Robbins, 1985). Initial motivation for their study came
from the modeling of clinical trials, as early as 1933 with the seminal work of Thompson (1933).
In this example, arms correspond to different treatments with unknown, random effect. Since then,
MAB models have been proved useful for many more applications, that range from cognitive radio
(Jouini et al., 2009) to online content optimization (e.g., news article recommendation (Li et al.,
2010), online advertising (Chapelle and Li, 2011), A/B Testing (Kaufmann et al., 2014; Yang et al.,
2017)), or portfolio optimization (Sani et al., 2012).

While the number of patients involved in a clinical study (and thus the number of treatments
to select) is often decided in advance, in other contexts the total number of decisions to make (the
horizon T') is unknown. It may correspond to the total number of visitors of a website optimizing
its displays for a certain period of time, or to the number of attempted communications in a smart
radio device. In such cases, it is thus crucial to devise anytime algorithms, that is algorithms that do
no rely on the knowledge of this horizon 7' to sequentially select arms. A general way to turn any
base algorithm into an anytime algorithm is the use of the so-called Doubling Trick, first proposed
by Auer et al. (1995), that consists in repeatedly running the base algorithm with increasing horizons.
Motivated by the frequent use of this technique and the absence of a generic study of its effect
on the algorithm’s efficiency, this paper investigates in details two families of doubling sequences
(geometric and exponential), and shows that the former should be avoided for stochastic problems.

More formally, a MAB model is a set of K arms, each arm k being associated to a (unknown)
reward stream (Y}, 1 )ien. Fix T a finite (possibly unknown) horizon. Ateach timestept € {1,...,7'}
an agent selects an arm A(¢) € {1,..., K} and receives as a reward the current value of the associated
reward stream, 7(t) := Y,y ;. The agent’s decision strategy (or bandit algorithm) Ar := (A(t),t €
{1,...,T})is such that A(t) can only rely on the past observations A(1),7(1),..., A(t—1),r(t—1),
on external randomness and (possibly) on the knowledge of the horizon T'. The objective of the agent
is to find an algorithm A that maximizes the expected cumulated rewards, where the expectation
is taken over the possible randomness used by the algorithm and the possible randomness in the
generation of the rewards stream. In the oblivious case, in which the reward streams are independent
of the algorithm’s choice, this is equivalent to minimizing the regret, defined as

T
> (Yo - YAm,t)] : (1)

t=1

RrAD =, i

This quantity, referred to as pseudo-regret in Bubeck et al. (2012), quantifies the difference
between the expected cumulated reward of the best fixed action, and that of the strategy .Ap. For the
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general adversarial bandit problem (Auer et al., 2002b), in which the rewards streams are arbitrary
(picked by an adversary), a worst-case lower bound has been given. It says that for every algorithm,
there exists (stochastic) reward streams such that the regret is larger than (1/20)v/KT (Auer et al.,
2002b). Besides, the Exp3 algorithm has been shown to have a regret of order /KT In(K).

Much smaller regret may be obtained in stochastic MAB models, in which the reward stream
from each arm k is assumed to be i.i.d., from some (unknown) distribution v, with mean ug. In
that case, various algorithms have been proposed with problem-dependent regret upper bounds
of the form C(v)In(T'), where C(v) is a constant that only depend on the arms distributions.
Different assumptions on the arms distributions lead to different problem-dependent constants. In
particular, under some parametric assumptions (e.g., Gaussian distributions, exponential families),
asymptotically optimal algorithms have been proposed and analyzed (e.g., kI-UCB (Cappé et al.,
2013) or Thompson sampling (Agrawal and Goyal, 2012; Kaufmann et al., 2012)), for which the
constant C'(v) obtained in the regret upper bound matches exactly that of the lower bound given
by Lai and Robbins (1985). Under the non-parametric assumption that the v, are bounded in
[0, 1], the regret of the UCB1 algorithm (Auer et al., 2002a) is of the above form with C'(v) =
8 X D ppspr (B — wr) L, where u* = maxy, puy, is the mean of the best arm. Like in this last
example, all the available constants C'(v) become very large on “hard” instances, in which some
arms are very close to the best arm. On such instances, C'(v) In(7") may be much larger than the
worst-case (1/ ZO)W, and distribution-independent guarantees may actually be preferred.

The MOSS algorithm, proposed by Audibert and Bubeck (2009), is the first stochastic bandit
algorithm to enjoy a problem-dependent logarithmic regret and to be optimal in a minimax sense, as
its regret is proved to be upper bounded by /KT, for bandit models with rewards in [0, 1]. However
the corresponding constant C'(v) is proportional to K /A pin, where Apin = ming(p* — ug) is the
minimal gap, which worsen the constant of UCB1. Another drawback of MOSS is that it is not
anytime. These two shortcoming have been overcame recently in two different works. On the one
hand, the MOSS-anytime algorithm (Degenne and Perchet, 2016) is minimax optimal and anytime,
but its problem-dependent regret does not improve that of MOSS. On the other hand, the kl-UCB™
algorithm (Ménard and Garivier, 2017) is simultaneously minimax optimal and asymptotically
optimal (i.e., it has the best problem-dependent constant C'(/)), but it is not anytime. A natural
question is thus to know whether a Doubling Trick could overcome this limitation.

This question is the starting point of our comprehensive study of the Doubling Trick: can a
single Doubling Trick be used to preserve both problem-dependent (logarithmic) regret and minimax
(square-root) regret? We answer this question partially, by showing that two different types of
Doubling Trick may actually be needed. In this paper, we investigate how algorithms enjoying regret
guarantees of the generic form

VT >1, Rp(Ar) <cT'(InT) + o(T" (1n T)5) 2)

may be turned into an anytime algorithm enjoying similar regret guarantees with an appropriate
Doubling Trick. This does not come for free, and we exhibit a “price of Doubling Trick”, that is a
constant factor larger than 1, referred to as a constant multiplicative overhead.

The rest of the paper is organized as follows. The Doubling Trick is formally defined in Section 2,
along with a generic tool for its analysis. In Section 4, we present upper and lower bounds on the
regret of algorithms to which a geometric Doubling Trick is applied. Section 5 investigates regret
guarantees that can be obtained for a “faster” exponential Doubling Trick. Experimental results are
then reported in Section 6. Complementary elements of proofs are deferred to the appendix.
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2. Doubling Tricks

The Doubling Trick, denoted by DT, is a general procedure to convert a (possibly non-anytime)
algorithm into an anytime algorithm. It is formally stated below as Algorithm 1 and depends on a
non-decreasing diverging doubling sequence (T;);cn (i-e., T; — oo for i — oo). DT fully restarts
the underlying algorithm A at the beginning of each new sequence (at ¢ = T; + 1), and run this
algorithm on a sequence of length (7; — T;_1).

Input: Bandit algorithm A, and doubling sequence (T;);en.

1 Leti = 0, and initialize algorithm A(®) = A7, .
2 fort=1,...,T —1do

3 if ¢ > T; then // Next horizon T;;; from the sequence
4 Let: =1+ 1.

5 Initialize algorithm A®) = Ar. 1. . // Full restart
6 end

7 Play with A®): play arm A’(t) :== A®(t — Tj_,), observe reward r(t) = Yar -

8 end

Algorithm 1: The Generic Doubling Trick Algorithm, A" = DT (A, (T})en)-

Related work. The Doubling Trick is a well known idea in online learning, that can be traced
back to Auer et al. (1995). In the literature, the term Doubling Trick usually refers to the geometric
sequence T; = 2, in which the horizon is actually doubling, that was popularized by Cesa-Bianchi
and Lugosi (2006) in the context of adversarial bandits. Specific doubling tricks have also been used
for stochastic bandits, for example in the work of Auer and Ortner (2010), which uses the doubling
sequence T; = 22" to turn the UCB-R algorithm into an anytime algorithm.

Elements of regret analysis. For a sequence (T;);cn, with T; € N for all 4, we denote 71 = 0,
and Ty is always taken non-zero, Ty > 0 (i.e., Ty € N*). We only consider non-decreasing and
diverging sequences (that is, Vi, T;41 > T;, and T; — oo for i — 00).

Definition 1 (Last Term L)
For a non-decreasing diverging sequence (T;);cny and T € N, we can define LT((Ti)z‘eN> by

VI'>1, Lr((T)ien) =min{i e N:T; > T}. 3)
It is simply denoted Lt when there is no ambiguity (e.g., if the doubling sequence is chosen).

DT (A) reinitializes its underlying algorithm A at each time 7}, and in generality the total regret
is upper bounded by the regret on each sequence {7}, ..., T;+1 — 1}. By considering the last partial
sequence {Tr,,_1,...,T — 1}, this splitting can be used to get a generic upper bound (UB) by
taking into account a larger last sequence (up to 17, — 1). And for stochastic bandit models, the
i.i.d. hypothesis on the rewards streams makes the splitting on each sequence an equality, so we
can also get the lower bound (LB) by excluding the last partial sequence. Lemma 2 is proved in
Appendix A.1.

Lemma 2 (Regret Lower and Upper Bounds for D7)
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For any bandit model and algorithm A and horizon T, one has the generic upper bound
Lt

RT(DT<~Aa (TZ)zGN)) < Z RTi*Tiﬂ (ATi*Tifl)' (LB)

i=0
Under a stochastic bandit model, one has furthermore the lower bound

Lty

Rr(DT (A, (T)iew)) = Y Rr-m_ (A1), (UB)
=0

As expected, the key to obtain regret guarantees for a Doubling Trick algorithm is to carefully
choose the doubling sequence (7;);cn. Empirically, one can verify that sequences with slow growth
gives terrible results, and for example using an arithmetic progression typically gives a linear regret.
Building on this result, we will prove that if A satisfies a certain regret bound (R = O(T7),
O((InT)%), or O(T7(InT)%)) then an appropriate anytime version of .4 with a certain doubling
trick can conserve the regret bound, with an explicit constant multiplicative overhead ¢ > 1. In this
paper, we study in depth two families of sequences: first geometric and then exponential growths.

3. A Generic Analysis of the Regret of a Doubling-Trick Anytime Algorithm

In this first Section, we start by giving an overview of our technic to conserve regret upper bounds
for doubling-trick algorithms. We present a generic way of defining doubling sequences, and two
examples to find back the two cases commonly used in the literature (i.e., geometric and exponential
doubling sequences). Then we explain how to bound the regret of a doubling-trick anytime algorithm,
for any sequence of a certain parametric form, to obtain a unified analysis of our upper bounds.

3.1. Overview of our proof

We propose a generic analysis of a Doubling Trick based algorithm. Assume A7 has bounded regret
in the form Ry (A7) < ¢TI (InT)°. First note that the regret of the anytime algorithm D7 (A) is
upper bounded by ¢ Zf:TO(I})W(ln(Ti))‘S (by Lemma 2).

e The first requirement for a good regret bound is to find a suitable choice of sequence (75);,
such that the last term in this sum, i.e., (77,,.)Y (In(7%,.))?, is of order T In(T")°, up-to some
multiplicative constants.

e The second step of our analysis is to use that the doubling sequence grows fast enough so that
the sum is indeed dominated by its last term.

Lower bounds A geometric doubling trick cannot preserve a logarithmic regret and neither can
the faster sequences defined with f (i) = ¢ for any e € (0, 1). This shows that we need a sequence
growing at least as fast as the one for f(i) = i, i.e., an exponential sequence.
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3.2. A generic doubling sequence

Let us consider an increasing function f : N — N, and a constant ¢ > 0. We define an increasing'
and diverging sequence (7;);en by Vi € N, T; := | cp exp(cexp(f(i)))]. The function f has to grow
fast enough so that 7; — T;_; increases and diverges, and so that (7;); is increasing.

Examples of possible functions f include:

e The function f(i) = In(7) gives a geometric doubling, with ¢y = Tp, b = exp(c),

Vi €N, T; = |co exp(cexp(f(i))] = [Tob'].

e The function f(i) = «i gives an exponential doubling, with ¢y = exﬁ%, a = exp(c),
b = exp(a), _
Vi e N, T; = |coexp(cexp(f(i)))] = [Toa® |.

e And choosing a more generic form f(i) = c2i%(Ini)®, for ca,d > 0 and e € R, which is
increasing from ¢ > exp(=) (so increasing from a certain value, which is enough for us). As
soon as d > 0, any value of e gives a doubling sequence growing faster than any geometric
sequences, and as soon as d < 1, it gives a doubling sequence growing slower than any
exponential sequences. As such, this generic form is the best candidate to unify the previously

known results about both the geometric sequences used to conserve O (\/T ) regret bounds,

and the exponential sequences used to conserve O(In(T")) regret bounds.

3.3. Unified analysis of the upper-bound

Let v, d € R, both non-negative but not zero simultaneously. Fix the horizon 7" and let A7 denote a
non-anytime algorithm. Assume that it satisfies

Rr(A7) < g1(T) + T (In T)°

for some constant ¢; > 0 and gy (t) = o(T?(InT )5) (uniformly for any 7).
We consider DT (.A) the doubling-trick anytime version of Ap, for which Lemma 2 gives that
its regret is upper bounded by this sum, where g2(t) = o(7”(In T)°) thanks to Lemma 17.

Lt
Rp(DT(A)) < g2(T) + 1 Y _(Ty = Ty—1)"(In(T; — T1-1))° )

i=0
Our first trick is to directly bound 7; — T;_1 < T;, and it could seem to be a really crude bound.
But as soon as f is increasing, T; —T;_1 is diverging, and for any f of the form we consider, T; —7T;_1

1. Note that if (77) is not increasing, but diverging, one can always define a new sequence (77 ) that is also increasing and
grows faster than (7;) with this trick: Vj, T} ;1 := Timin{i>;,1,>7;}- The sequence (T7) always satisfies T; > T}_,
and it is the slowest sequence that satisfies this and is faster than (73).
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is actually equivalent to T;. We give in Appendix F a result to justify that this is not suboptimal, and
as it eases the proofs we prefer to simply the presentation as much as possible.

Lt
Rr(DT(A)) < g2(T) + e1 Y _ T} (In(Ty))°. Q)
=0

If f is increasing only from a constant value i,,;, > 0, we can consider the first terms as constants
and include them in the function go. So we can suppose that f is increasing from a certain rank
Imin, and assume 7" to be large enough so that L7 — 1 > iy, (as Ly — +oo when T' — +00). For
instance, f(i) = cpi?(In4)° is increasing from i > ipin = [exp(=¢)].

We focus on this sum from ¢ = i, to ¢ = L, Le., ZiL:Timin T (In(T3))°. The second trick is to
show that we can bound the sum from %,,;, to L7 — 1 as a constant times the last term for s = L, so
that the whole sum is of the order of its last term. We have the next lemma and prove it below.

Lemma 3 (Case 1) For any vy > 0,6 and any choice of f(i) = c2i%(In4)¢ (co > 0, d > 0, e € R),
there exists a constant C' such that the following inequality holds, for any T large enough,

Lpy—1
> Tn(Ty)’ < C x T (In(TL,))’. (6)

1=%min
(Case 2) If v = 0 and d > 0, there exists g(T) = o((In(T%,))°) such that

Lr—1
> (In(T))° < g(T) + C x (In(TL,))". )

1=lmin
(Case 3) Finally, if y = 0 and d = 0, sadly we cannot obtain anything else but

Lr—1
Y. (7)) <C x (In(Tp,))' " ®)

1=%min

Proof (Case 3) First of all, let us tackle the easiest case when v = 0 and d = 0, i.e., the sequence
is a geometric one. We have a lower-bound that shows that R7 (A7) = O((InT)?%) is lost by a
geometric doubling trick, as R7(DT(A)) = ©((InT)'*?) (see Theorem 6). We can quickly show
our upper-bound easily in this case, as ZiL:Timin (InT;)° < Ly(InTg,)%, Ly = O(InT) and so
InTy, = O(InT) too. So K (InT;)? = O((InT)+9).

1=%min

(Case 2) If v = 0 but for other sequences (i.e., d > 0), a more careful analysis is needed. In a
i\ . . . .
nutshell, we have T; = O (ab ifd>0andsolnT; = O <b1d>, for which by a sum-integral and

then a change of variable we can bound the sum by what we want.
For i < L1 — 1, we can bound f(i) < co(In L7)%%, so if we call c3(e, T) := co(In L7)¢, we
have In T; < constant + cexp(f(i)). Using Lemma 14 and § < 1, it gives, (InT};)° < constant +
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& exp(8f(i)) < constant + ¢® exp(dcz(e, T)i?). Thus when controlling the sum from i = i, to
L1 — 1, constant term will give a O(Ly), which itself can be neglected against the right hand side
(i.e., is a o() of the second term).

Let focus on ZLT ! exp(az ) for @ := des(e, T) > 0. By using a sum-integral comparison,

we bound it by fzmq.; exp(atd) dt. The change of variable u = t? (of class C'), and the observation
that u'a® < 1 gives directly that Lfni] exp(at?) dt < L exp(aLd).

Finally, with an appropriate g(7') = o((In7)°), we obtain that Zfrg;l(ln T;)° < g(T) +
et CQléd exp(df(Lr)) < g(T) + C2%i(ln(TLT))‘S as wanted.

(Case 1) Now, suppose v > 0. A quick trick we can use is to bound all In(7;) terms by
the last one In(77,,—1) and factor them. We can thus focus on ZLT ! _T;'. Bounding T}’ by
co exp(cyexp(f(7))), and using a sum-integral inequality, we obtain,

Lp—1

Lt
> T (n(Z)) < (nTiper)’er [ explerexp(F(6) dt.

- min
1=%min

The goal is now to bound this integral. Let c3(e, T') := comax(i¢; , (In L7p)¢) > 0, and first

m1n7 (

observe that f(t) < c3(e,T)t? for any t € [imin, L], as t = (Int)® is monotonic, no matter if
e<0,e>0o0re=0.

We can thus bound the integral by f Lr _exp(cy exp(c;»,( ,T)t?)) dt. The change of variable

u := exp(cs(e, T)t?) is of class C!, and has a Jacobian 4 A4 = cs(e,T) x d x t471 x u, and so
1—d
dt = dc3(1e7T) (In “l)t “ du after simplification. Let k = 129, Let h(u) = % (well defined for

1 > 1). We can bound the integral, do this change of variable and obtain
LT LT
/ exp(cyexp(f(t))) dt < / exp(ey exp(es(e, T)t)) dt
imin imin

1 /exp(c3(6,T)L§l~) ( )h( ) d
S — exp(cyu)h(u) du
des(e, T) exp(cs(e,T)id;,)

We can do a simple study of h. It is of class C!, and h'(u) has the sign of o — L, so his
increasing then decreasing, and attains its global maximum at u = exp(x). So we are sure that
h(u) is bounded for u € [exp(cs(e, T)il; ), exp(cse, (T )Ld )]. Its maximum on this interval

is bounded by its global maximum, i.e., h(exp(k)) = a constant w.r.t. 7. Let us call
1—d
)

exp( )’

) (1 d)(
C4(d> G,T) = des(e,T) X ((1 4))

> 0. Thus we have
exp(c:;(e,T)L%)
< c4(d,e,T) / exp(cyu) du.

exp(cs(e,T)i

mm)
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Let c5(c,d,e,y,T) := %Czl(d, e, T), we can now be bound the integral and conclude.

o exp(c3(e,T) LY
/ eXp(07 exp(f(t))) dt < 05(0’ d76777T) X [eXp(C’YU)] e

Tmin

exp(cs(e,T)id . )

< C5(Ca d7 €7, T) EXP(C’)’ eXp(C3(e7 T)L%))
To finish, the initial sum is now bounded by

Lr—1
> T(n(T)° < (InTrp-1)’cocs(c,d, e, T) exp(ey exp(es(e, T)LE)).

1=%min

ca(d,e,T) == ——L— x )

with three values c5(c,d,e,v,T) = cy4(d,e,T)
cs(e, T) := comax(i€; , (In Lp)®).

1
cy?

min’

If e > 0, then c3(e, T') is just co(In L)¢. No matter the value of e, we clearly have c3(e, T') > ¢
and thus ¢4 and c5 are constant w.r.t. 7. Moreover, remember that there is an integer part (i.e., |... |)
in the definition of T}, so exp(cyexp(c2 L& (In L7)¢)) < (Tr, + 1) < T} +1(asy <1, see
Lemma 14). Thus, have two constants cg > 0 and C' > 0 such that

Lp—1
3N T(W(T))’ < 6+ CT] (nTr,)’.

1=%min

|
Now to finish the proof, we need to show that this last term, TZT (In TLT)‘s, is always bounded
by a constant times 77 (InT")°, for any of the considered doubling sequences.

4. What the Geometric Doubling Trick Can and Cannot Do

We define geometric doubling sequences, and prove that they can be used to conserve bounds in
O(T"(InT)°) with v > 0 but cannot be used to conserve bounds in O((InT)°).

Definition 4 (Geometric Growth) For b € R, b > 1 and Ty € N*, the geometric sequence
T; = |Tob"], Vi € N is non-decreasing and diverging, and satisfies furthermore

VT < T(), LT = 0, and VT > To, LT = lrlnb (TZ)—‘ s (9)
0
Vi>0, To(b— 1) —1<T; - T,y <1+ Tp(b—1)b"1 (10)

Asymptotically for i and T — oo, T; = O(bi) and Lt ~ Iny(T) = O(InT).

10
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4.1. Conserving a Regret Upper Bound with Geometric Horizons

A geometric doubling sequence allows to conserve a minimax bound (i.e., Ry = O(v/T)). It was
suggested, for instance, in (Cesa-Bianchi and Lugosi, 2006, Ex.2.9). We generalize this result in the
following theorem, proved in Appendix A.2, by extending it from v/7" bounds to bounds of the form
T7(InT)? forany 0 < v < 1 and § > 0. Note that no distinction is done on the case § = 0 neither
in the expression of the constant overhead, nor in the proof.

Theorem 5 If an algorithm A satisfies Rp(Ar) < ¢ TV(InT)° + f(T), for 0 < v < 1,6 > 0 and
for ¢ > 0, and an increasing function f(t) = o(ﬂ (In t)‘s) (at t — o), then the anytime version
A" := DT (A, (T})ien) with the geometric sequence (T;);cn of parameters Ty € N* b > 1 (i.e.,
T; = | Tob']) with the condition Ty(b — 1) > 1 if & > 0, satisfies,

Rp(A) < €(7,8,Ty,b) ¢ TY (InT)° + g(T), (11)

with a increasing function g(t) = o(t?(Int)?), and a constant overhead ¢(, 8, Ty, b) > 1,

In(Ty(b— 1) + 1)>5 o b1 (12)

67,0, T0,b) := ( n(Ty(b— 1)) b1

For a fixed v and ¢, minimizing ¢(~y, 0, Tp, b) does not always give a unique solution. On the one

hand, if v 2 0.384, there is a unique solution b*(y) > 1 minimizing the méi’:i)w

b7+t — 2b + 1 = 0, but without a closed form if + is unknown. On the other hand, for any ~, the
term depending on ¢ tends quickly to 1 when 7y increases.

term, solution of

Practical considerations. Empirically, when « and ¢ are fixed and known, there is no need to

minimize ¢ jointly. It can be minimized separately by first minimizing még:)v , that is by solving

bY*t1 —2b 4 1 = 0 numerically (e.g., with Newton’s method), and then by taking T} large enough so
that the other term is close enough to 1.

For the usual case of v = 1/2 and § = 0 (i.e., bounds in V/'T), the optimal choice of b is %
leading to ¢ ~ 3.33, and the usual choice of b = 2 gives ¢ ~ 3.41 (see Corollary 11 in appendix).
Any large enough T gives similar performance, and empirically Ty > K is preferred, as most

algorithms explore each arm once in their first steps (e.g., Tp = 200 for K = 9 for our experiments).

4.2. A Regret Lower Bound with Geometric Horizons

We observe that the constant overhead in Eq. (12) from the previous Theorem 5 blows up when
~ goes to zero, giving the intuition that no geometric doubling trick could be used to preserve a
logarithmic bound (i.e., with v = 0, § > 0). This is confirmed by the lower bound given below.

Theorem 6 If A satisfies Ry (A7) > ¢ (InT)®, for ¢ > 0 and § > 0, and under a certain stochastic
model, then the anytime version A’ := DT (A, (T;);en) with the geometric sequence (T;);cn of
parameters Ty € N* b > 1 (ie., T; = LTobiJ) satisfies this lower bound for a certain constant
c > 0, under the same model,

VT >1,Lp >2 = Rp(A)>¢ (InT)°™. (13)

This implies that Ry (A") = Q((InT)%+Y), which proves that a geometric sequence cannot be used
to conserve a logarithmic regret bound.

11
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Theorem 6 implies that a geometric sequence cannot’ be used to conserve a finite-horizon
lower bound like Ry (Ar) > c¢In(T"). A complementary lower bound, stated as Theorem ?? in
Appendix ??, shows that if the regret is lower bounded at finite horizon by Ry (A7) > ¢v/T, then a
comparable lower bound for the Doubling Trick algorithm D7 (.A), possibly with a larger constant.

This special case (0 = 1) is indeed the most interesting, as in the stochastic case the regret of
any uniformly efficient algorithm is at least logarithmic (Lai and Robbins (1985)), and efficient
algorithms with logarithmic regret have been exhibited. If R (A7)/InT is bounded, then using a
geometric sequence in the doubling trick algorithm is a bad idea as it guarantees a blow up in the
regret, that is R (DT (A, (T})ien)) = Q((InT)?). This result is the reason we need to consider
successive horizons growing faster than a geometric sequence (i.e., such that In(7;) > i), like the
exponential sequence, which is studied in Section 5.

4.3. Proof of Theorem 6

Let A" := DT (A, (T;);en) and consider a fixed stochastic bandit problem. The lower bound (LB)
from Lemma 2 gives

Lyp—1

RT(A/) > Z RTi_Tifl(AT:Ti_Tifl)

1=0

We bound T; — T;—1 > Tp(b — 1)bi_1 — 1 for any 7 > 0, thanks to Definition 4, and we can use the
hypothesis on A for each regret term.

Lr—1 Lr—1
>N (T —Tiy)’ = ¢ Y (In (Tob— 16" —1))°
ij_Q =1
=c Y (n(Tob—1)p° —1))°  (withi=1i—1)
=0

Let x; := To(b — 1)b* > 0. If we have Ty (b — 1) > 1 (see below (&) in Page 13 for a discussion on

. In(Tp (b—1)—1
the other case), then Lemma 15 (Eq. (29)) gives In(x; — 1) > %

lower bounds, there is no need to handle the constants tightly, and we have z; > b° by hypothesis, so

In(Tp(b—1)—1)
In(Z5(6-1))

In(x;) as x; > 1. For

0
let call this constant ¢/ = ¢ ( ) > 0, and thus it simplifies to

Lp—2 s
>d Y (In(dh))

=0

A sum-integral minoration for the increasing function ¢ — ¢ (as § > 0) gives ZiL:TO_Q (ln(bi))é =

(Inb)* 17230 > (Inb)? [177240 e = W02 (L — 2)°+1 (if Ly > 2), and so

,(Inb)°

/
Rp(A') = ¢ Sl

(LT _ 2)5+1

2. Note that we only pay one extra In(7T") factor, which is bad if § is small, but not so bad for large 4.

12
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For the geometric sequence, we know that Ly > In, <T10) > Iny(T"), and Iny(T") — 2 ~ Iny(7T') at

T — oo so there exists a constant 0 < ¢’ < 1 such that Ly — 2 > ¢’ Iny(T") for T large enough

> %), and such that L7 > 2. And thus we just proved that there is a constant ¢’ > 0 such that

Rp(A)) > "(InT)**H =: ¢(T).

So this proves that for 7' large enough, Rr(A’) > ¢(T) with g(T) = O((InT)°*1), and so
Rp(A') = Q((InT)°*1), which also implies that Ry (A') cannot be a O((InT)?).

(&) If we do not have the hypothesis Tj(b — 1) > 1, the same proof could be done, by observing
that from ¢ > iy large enough, we have z; > b~ (as soon as b > m > 0, ie., ig >
[—Iny(To(b—1))] > 1), and so the same arguments can be used, to obtain a sum from ¢ = iy + 1
instead of from i = 1. For a fixed 7o, we also have Ly — 2 — ig > ¢’ In(T) for a (small enough)
constant ¢”, and thus we obtain the same result. [ |

5. What Can the Exponential Doubling Trick Do?

We define exponential doubling sequences, and prove that they can be used to conserve bounds in
@) ((ln T)5 ) , unlike the previously studied geometric sequences. Furthermore, we provide elements
showing that they may also conserve bounds in O(T"7) or O(T7(InT)?).

Definition 7 (Exponential Growth) Fora,b € R, a,b > 1, Ty € N*, and 7 := % € R, the expo-

nential sequence T; := LTabij ,Vi € N is non-decreasing and diverging, and satisfies furthermore
T
VI'<Ty, Lt =0, and VT > Ty, L7 = ’Vlnb <1Ha <>)—‘ . (14)
T
Asymptotically for i and T — oo, T; = (’)(abi) and Lt ~ lnb(lna(%)) =O0O(nlnT).

5.1. Conserving a Regret Upper Bound with Exponential Horizons

An exponential doubling sequence allows to conserve a problem-dependent bound on regret (i.e.,
Rp = O(InT)). This was already used in particular cases by Auer and Ortner (2010) and more
recently by Liau et al. (2018). We generalize this result in the following theorem.

Theorem 8 If an algorithm A satisfies Rp(Ar) < ¢ T"(InT)® + f(T), for0 < v < 1,6 > 0,
and for ¢ > 0, and an increasing function f(t) = 0(757(111 t)(s) (att — ©0), then the anytime version
A’ := DT (A, (T})icn) with the exponential sequence (T});cn of parameters Ty € N*,a,b > 1 (i.e.,
T, = L%ablj ), satisfies the following inequality,

Re(A) < £(7,8,Tp, a,b) ¢ (Tb)7 (In T + g(T). (15)
with an increasing function g(t) = o((t*)Y(Int)°), and a constant overhead £(~, 8, Ty, a, b) > 0,
a )(bil)’y b2

0(v,6,To,a,b) := (To w7 >0 ifd>0

1 (16)
L+ G@ymey > 1 #0=0

13
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This result first shows that an exponential doubling trick can preserve a logarithmic regret bound
(O(() InT), which corresponds to v = 0 and § = 1), with a multiplicative constant overhead ¢ > 4.
It can further be applied to bounds of the generic form Ry = O (T’V(ln T)5), but with a significant
overhead as T" becomes 7?7, additionally to the constant multiplicative overhead ¢ > 0. However,
it is important to notice that for v > 0, the constant ¢ can be made arbitrarily small (with a large
enough first step 7T). This observation is encouraging, and let the authors think that a tighter upper
bound could be proved.

Remark 9 An interesting particular case of Theorem 8 is the following (v = 0,6 = 1 and f(t) = 0).
b2
b—1

In this upper bound, the optimal choice of b is b = 2, which yields a constant multiplicative overhead
of £(y = 0,b) = 4. It can be observed that this overhead is twice smaller as the overhead of 8.0625
obtained by (Auer and Ortner, 2010, Sec.4 )3 .

Rp(Ar) < ¢ In(T) = Rp(DT(A, (|TY |)ien)) < ¢ In(T). (17)

5.2. A Regret Lower Bound with Exponential Horizons

Assuming the upper bound of Theorem 8 obtained for v > 0 are tight would lead to think that
exponential doubling tricks cannot preserve minimax regret bounds of the form O(\/T )). If true,
such a conjecture would need to be supported by a lower bound (a counterpart of Theorem 6).
Theorem 10 provides such a lower bound, but as discussed below, combined with Theorem 8, this
result rather advocates the use of exponential doubling tricks. Theorem 10 is proved in Appendix A.3.

Theorem 10 If A satisfies Rp(Ar) > ¢ T7, for ¢ > 0 and 0 < v < 1, and under a certain
stochastic model, then the anytime version A" := DT (A, (T;)ien) with the exponential sequence
(T3)ien of parameters Ty € N*, a > 1, b > 1 (i.e, T; = L%ablj), satisfies this lower bound for a
certain constant ¢ > 0, under the same model,

VT >1, Rp(A)>¢ (T%)W. (18)

We already saw that any exponential doubling trick can conserve logarithmic problem-dependent
regret bounds. If we could take b — 1 in the two previous Theorems 8 and 10, both results would
match and prove that there exists an exponential doubling trick that can also be used to conserve
minimax regret bounds. This argument is not so easy to formulate, as b cannot depend on 7, but
it supports our belief that exponential doubling tricks are good candidates for (asymptotically)
preserving both problem-dependent and minimax regret bounds.

5.3. Proof of Theorem 8

Let A" := DT (A, (T})ien), and consider a fixed bandit problem. We first consider the harder case
of § > 0, see below in Page 16 in () for the other case. The lower bound (LB) from Lemma 2 gives

Lt

RT(-AI) < Z RTi_Ti—l (AT:Ti—Ti—l)

1=0

3. In Auer and Ortner (2010), the authors obtained an overhead of 258/32 = 8.0625 > 8, as the ratio between the
constants for the In(7") terms, respectively 258 in Th.4.1 and 32 in Th.3.1.
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‘We bound naively4 T, —T, 1 <T; < %abi, and we can use the hypothesis on A for each regret
term, as f and ¢ — ct”(Int)° are non-decreasing for t > 1 (by hypothesis for f and by Lemma 16).

< LZO F(T) + 2 (7)) (In (T2))° < g1(T) + LZO <T”)7 (ln (TO w))&

The first part is denoted ¢; (7)) := ZiL:TO (T;) and is dealt with Lemma 17: the sum of f(7;)
is a o(ziL:TO T](ln(ﬂ))(s), as f(t) = o(t"(Int)?) by hypothesis, and this sum of T} (In(T}))°
is proved below to be bounded by 7% (InT')°. So g1(T) = o(T®(InT)°). The second part is
c(L)T o (abi> <ln (TO b ))6. Define In™ (z) := max(In(x),0) > 0, so whether £ < 1 or

> 1, we always have In (TO bt ) <In" () +1n <abi>. Then we can use Lemma 14 (Eq. (26)) to

NS .
distribute the power on § (as it is < 1). So (ln <%abz>) (In* (TO))(s + (In(a))’ (bl)(S with the

convention that 0° = 0 (even if § = 0), and so this gives

<o +e(2) | (e <T°))5 SO 4 (@)’ S )

i=0 i=0
If v = 0 then the first sum is just Ly + 1 = O(In(InT")) which can be included in ¢;(T") =
o((ln T)‘S) (still increasing), and so only the second sum has to be bounded, and a geometric

sum gives S L1 (bi)é < %(bLT)‘;. But if v > 0, we can naively bound the first sum by
S (a®)? < (Lp +1)(a”"")7 Observe that a”" = (a¥"" 1) < (a£)". So a”"" = O(T) and
Ly +1 = O(n(InT)), thus the first sum is a O(T* In(InT)) = o(TbV(ln T)%) (as § > 0). In
both cases, the first sum can be included in go(7") which is still a o(TbV(ln T) ) Another geometric

sum bounds the second sum by ZiL:TO(abi)V (b")(S < (abLT )Y Z (bz) b5 ; (bET)o,
< g(T) +c1 (abLT )'Y(bLT)&
We identify a constant multiplicative overhead ¢; := ¢ (TO)’Y 7 (In a)’ > 0. The only term

left Wthh depends on Ly is (a”"7)Y(bE7)%, and it can be bounded by using bLT = pplr—1 <
bIng(afr) = b+bInt (F) < b+bIng(T) (as T > 1), and again with a"" < (al 7-)°. The constant
part of bLT also gives a O(T") term, that can be included in g(T') := go(T) + (a%O )®Y which is
still a o(T%7(In T)5), and is still increasing as sum of increasing functions. So we can focus on the

last term, and we obtain
a b
el Tb
< 1o >

b é
<o)+ (g)
— Rp(A) < g(T) + €(~,6, Ty, a,b) ¢TI (InT)° with an increasing g(t) = o<tb'y (In t)é) )

,
(InT)°

4. Here, using the more subtle bound 7; — T; < TO b - (abiil) + 1, with @ = a®~ 1, from Definition 7, does not seem

to help as it becomes too complicated to handle clearly in the In terms.
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So the constant multiplicative overhead ¢ depends on ~y and ¢ as well as on 7, a and b and is

a (b—=1)y b26
) X —— >0, ifd>0. (19)
To

6(77 6a TO,CL,b) = ( b5 _ 1

If Ty = a, the overhead £(v, 6, Ty, a, b) is minimal at b*(§) = 2'/% > 1 and for a minimal value
of mings1 4(~, 9, Ty, a,b) = 4 (for any 6 and ). Finally, the a/T} part tends to 0 if 7y — oo so the
overhead can be made as small as we want, simply by choosing a Ty large enough (but constant w.rt.
7).

(&) Now for the other case of = 0, we can start similarly, but instead of bounding naively
ngo(abi)’y by (Lt + 1)(abLT)'Y we use Lemma 13 to get a more subtle bound: ZZ]}::TO(abi)7 <
a4+ (1+ W)(abLT )7. The constant term gets included in g(7"), and for the non-constant

part, (abLT )7 is handled similarly. Finally we obtain the overhead

1
E(W,O,T(),G/, b) =14+ W > 1. (20.)

6. Numerical Experiments

We illustrate here the practical cost of using Doubling Trick, for two interesting non-anytime
algorithms that have recently been proposed in the literature: Approximated Finite-Horizon Gittins
indexes, that we refer to as AFHG, by Lattimore (2016) (for Gaussian bandits with known variance)
and kI-UCB™** by Ménard and Garivier (2017) (for Bernoulli bandits).

We first provide some details on these two algorithms, and then illustrate the behavior of Doubling
Tricks applied to these algorithms with different doubling sequences.

6.1. Two Index-Based Algorithms

We denote by Xy (t) := > ., Yas),s1(A(s) = k) the accumulated rewards from arm &, and
Ni(t) := Y oy 1(A(s) = k) the number of times arm & was sampled. Both algorithms A assume
to know the horizon 7'. They compute an index [ ,;4(75) € R for each arm k£ € {1,...,K} at
each time step t € {1,...,T}, and use the indexes to choose the arm with highest index, i.e.,
A(t) == argmaxyeqy,.. i} Ik (t) (ties are broken uniformly at random).

e The algorithm AFHG can be applied for Gaussian bandits with variance V' (= 1 for our
experiments). Let m(T,t) =T —t+ 1 > 1, and let

X (t) V m(T,t)
I]?FHG (t) = In
Ni(t Ni(t m(T,t

2h

e The algorithm kI-UCB™™ can be applied for bounded rewards in [0, 1], and in particular for
Bernoulli bandits. The binary Kullback-Leibler divergence is kl(z,y) := xIn(z/y) + (1 —
z)In((1 —z)/(1 —y)) (for 0 < z,y < 1), and let In*(z) := max(0,In(z)) > 0. Let the

function g(n,T) := In™ (%(1 + (ln+(%))2)> for n < T, and finally let

K-UCBH () o . X (1) g(Ne(?),T)
e (t):= qe[OI,)l] {q K <Nk(t)’q> = Ni(t) } ' (22
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6.2. Experiments

We present some results from numerical experiments on Bernoulli and Gaussian bandits. More
results are presented in Appendix D. We present in pages 18 and 19 results for K = 9 arms and
horizon T" = 45678 (to ensure that no choice of sequence were lucky and had 77,1 = T or too
close to it). We ran n = 1000 repetitions of the random experiment, either on the same “easy” bandit
problem g (with evenly spaced means), or on n different random instances p sampled uniformly
in [0, 1]%, and we plot the average regret on n simulations. The black line without markers is the
(asymptotic) lower bound in 3 . ;.. (kl(4ex, p*))~tIn T, from Lai and Robbins (1985). We consider
klI-UCB™™ for Bernoulli bandits (Figures 2, 3) or AFHG for Gaussian bandits (Figures 4, 5),

Each doubling trick algorithm uses the same Ty = 200 as a first guess for the horizon. We include
both the non-anytime version that knows the horizon 7', and different anytime versions to compare
the choice of doubling trick. To compare against an algorithm that does not need the horizon, we also
include kI-UCB (Cappé et al., 2013) as a baseline for Bernoulli bandits and for Gaussian bandits (in
the Gaussian version, the divergence used is kl(z,y) = (z — 3)?/2, and the algorithm is referred to
as UCB). We consider are a geometric doubling sequence with b = 2, and two different exponential
doubling sequences: the “classical” b = 2 and a “slower” one with b = 1.1. Both use a = T, = 200,
and the last one is using a = 2, b = 2. Despite what was proved theoretically in Theorem 8, using
a = Tp and a large enough T} improves regarding to using a = 2 and a leading (7j/a) factor.

Another version of the Doubling Trick with “no restart”, denoted D7 yo-restart, 1S presented in
Appendix B, but it is only an heuristic and cannot be applied to any algorithm 4. Algorithm 2
can be applied to kI-UCB™" or AFHG for instance, as they use T just as a numerical parameter
(see Egs. 21 and 22), but its first limitation is that it cannot be applied to DMED+ (Honda and
Takemura, 2010) or Exp3™* (Seldin and Lugosi, 2017), or any algorithms based on arm eliminations,
for example. A second limitation is the difficulty to analyze this “no restart” variant, due to the
unpredictable effect on regret of giving non-uniform prior information to the underlying algorithm .4
on each successive sequence. An interesting future work would be to analyze it, either in general or
for a specific algorithm like kl-UCB™ . Despite its limitations, this heuristic exhibits as expected
better empirical performance than D7, as can be observed in Appendix D.

7. Conclusion

We formalized and studied the well-known “Doubling Trick” for generic multi-armed bandit prob-
lems, that is used to automatically obtain an anytime algorithm from any non-anytime algorithm.
Our results are summarized in Table 1. We show that a geometric doubling can be used to conserve
minimax regret bounds (in v/7"), with a constant overhead (typically > 3.33), but cannot be used
to conserve problem-dependent bounds (in In 7"), for which a faster doubling sequence is needed.
An exponential doubling sequence can conserve logarithmic regret bounds also with a constant
overhead, but it is still an open question to know if minimax bounds can be obtained for this faster
growing sequence. Partial results of both a lower and an upper bound, for bounds of the generic form
T7(InT)°, let use believe in a positive answer.

It is still an open problem to know if an anytime algorithm can be both asymptotically optimal
for the problem-dependent regret (i.e., with the exact constant) and optimal in a minimax regret
(i.e., have a /KT regret), but we believe that using a doubling trick on non-anytime algorithms
like kI-UCB™™ cannot be the solution. We showed that it cannot work with a geometric doubling
sequence, and conjecture that exponential doubling trick would never bring the right constant either.
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Bound \ Doubling ‘ Geometric, T; = [Tyb' | ‘ Exponential, T; = L%asz
x Known to fail ]
5 Ry(DT) > d(In T)1+5 if v' Known to wbo2§k, with overhead
(InT) Rr(Ar) > c(InT)°. 0o,0) = g > 1.
o (Theorem 8)
(Theorem 6)
v Known to work. with ? {’artial, best known bound is
overhead ’ o(T?)7 < Rp(DT < Le(T?)7 with
Tw 0(7,b) = =D 4 overhead ¢ > 1, if
" (’_Fheg;gél 5) ' co1™” < Rp(Ar) < 7.
(Theorems 8, 10)
T (InT)? v Known to work, with ? Partial, best known bound is
" (bnth) overhead 6(767 (57 Th, b) = RT(DT) < fC(Tb)’Y(ln T)é if
or bo In(To(b—1)+1) b (b—1)" < . 5
¥>0,6>0 ( (To(0—1)) ) =1~ > L. Ry (Ar) _th (lnST) ,
(Theorem 5 ) (Theorem 8)

Figure 1: Summary of known positive v’ and negative x and partial results ?.

Cumulated regrets for different bandit algorithms, averaged 1000 times
9 arms: Bayesian MAB, Bernoulli with means on [0, 1]
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Time steps t=0...7— 1, horizon T= 45678

Figure 2: Regret for DT, for K = 9 Bernoulli arms, horizon 7" = 45678, n = 1000 repetitions and
w taken uniformly in [0, 1]K . Geometric doubling (b = 2) and slow exponential doubling (b = 1.1)
are too slow, and short first sequences make the regret blow up in the beginning of the experiment.
Att = 40000 we see clearly the effect of a new sequence for the best doubling trick (T; = 200 x 2°).
As expected, kI-UCB™ outperforms kl-UCB, and if the doubling sequence is growing fast enough
then DT (kl-UCB™ ) can perform as well as kl-UCB (see for ¢ < 40000).
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Cumulated regrets for different bandit algorithms, averaged 1000 times
9 arms: [B(0.1), B(0.2), B(0.3), B(0.4), B(0.5), B(0.6), B(0.7), B(0.8), B(0.9) "]
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Figure 3: Similarly but for p evenly spaced in [0, 1]% ({0.1,...,0.9}). Both kl-UCB and kl-UCB™* ™
are very efficient on “easy” problems like this one, and we can check visually that they match the
lower bound from Lai and Robbins (1985). As before we check that slow doubling are too slow to
give reasonable performance.

Cumulated regrets for different bandit algorithms, averaged 1000 times
9 arms: Bayesian MAB, Gaussian with uniform means on [-5, 5]
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Figure 4: Regret for K = 9 Gaussian arms A (p, 1), horizon T' = 45678, n = 1000 repetitions and
p taken uniformly in [—5, 5] and variance V = 1. On “hard” problems like this one, both UCB
and AFHG perform similarly and poorly w.r.t. to the lower bound from Lai and Robbins (1985). As
before we check that geometric doubling (b = 2) and slow exponential doubling (b = 1.1) are too
slow, but a fast enough doubling sequence does give reasonable performance for the anytime AFHG
obtained by Doubling Trick.
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Appendix A. Omitted Proofs

We include here the proofs omitted in the main document.

A.1. Proof of Lemma 2, “Regret Lower and Upper Bounds for D7
Let A’ denote DT (A, (T;)ien). Forevery k € {1,..., K},

T Lp—1 T; T
E [ (Xis— Xaw) ] Z E| D (Xpi—Xawd) | +B| Y (Xks — Xaw)
t=1 t=T;_1 t:TLT,1
Lr—1 T T
< Z kega%K} (Xkt = Xa@e) | + ke%nlf?fK}E Z (Xt — Xaq).e)
t=T;_1 t=Trp—1
Lr—1

< Z Rr,—1, , (‘AI) + RT*TLT—I (‘A/) :

Thus, by definition of the regret

Lr—1

Z Ry—r1, (A") + Rp— L. (A

LT 1
= Z RTi—Ti_l (ATi—Ti—l) + RT — TLT—l (ATLT_TLT—1>

<Tr,—TLp—1
T
< E :RTi_Ti—l (ATi_Ti—l) :

In the stochastic case, it is well known that the regret can be rewritten in the following way,
introducing (i, the mean of arm k£ and p* the mean of the best arm:

T
E > (0" = paw ]

t=1
Lp_y T; T
=Y E| > w—pap)| +E| D (0 pap)
i=0 t=T;_1 t=Tp, 1
Lp—1
= Z Ry, 1, (ATz‘*Tz‘fl)) + RT*TLT—l (Al) :
— -
and the lower bound follows. |
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A.2. Proof of Theorem 5, “Conserving a Regret Upper Bound with Geometric Horizons”

It is interesting to note that the proof is valid for both the easiest case when § = 0 (as it was known in
Cesa-Bianchi and Lugosi (2006) for v = 1/2) and the generic case when ¢ > 0, with no distinction.
As far as the authors know, this result in its generality with § > 0 is new.

Proof Let A" := DT (A, (T;)ien), and consider a fixed bandit problem. The upper bound (UB) from
Lemma 2 gives

Lt

T(A/) < Z RTi_Ti—l (AT:Ti—Ti—1>

=0

We can use the hypothesis on A for each regret term, as f and ¢ — ct”(Int)? are non-decreasing for
t > 1 (by hypothesis for f and by Lemma 16).

Lt
< (T - Tioy) + €Ty (In Tp)° +c§j (T; = Tia)" (0 (T; = Tiv))’
1=0 =1

The first part is denoted g1 (1) := ZiL:TO (T; — Ti—1) + Ty (InTy)?, it is an increasing function
as a sum of increasing functions, and it is dealt with by using Lemma 17: the sum of f(T; — T;_1)
isa 0(Z¢L:To(Ti —T;—1)"(In(T; — T,-_l))5>, as f(t) = o(t"(In t)é) by hypothesis, and this sum of
(T;—T;—1)"(In(T;—T;_1))? is proved below to be bounded by ¢’ (In T')? for a certain constant ¢’ >
0, which gives g1(T) = o(T"(InT')°). For the second part, we bound T} — T}_1 < Ty(b—1)bi"1+1
thanks to Definition 4. Moreover, as v < 1 we can use Lemma 14 (Eq. (26)) to distribute the power
on -, so (To(b—1)b"" 1 +1)7 < (To(b—1)b""1)7 +1(y # 0) (indeed if v = 0 both sides are equal
to 1). This gives

Lr Lt
< G(T) +e(To(b— DY S (HL) (T — Tr ) +el(y £0) S (n(Ty = Tr_y))?
i=1 =1

If v # 0, the last sum is bounded by ZZLT (InT3)° < (InTp)°(Ly + 1) + (Ind)° ZLT % which
is a O(L‘ST“) = O((InT)°*!) = o(T(InT)%) (as v > 0, thanks to a geometric sum), and so
it can be included in g»(7) = o(T7(InT)%). If v = 0, there is only the first sum. We bound
again T; — T;_1 < To(b — 1)b""! + 1 and use Lemma 15 to bound In(7p(b — 1)b°~1 + 1) by

% In(To(b — 1)b*1) term (as Ty (b — 1) > 1 by hypothesis).

Lt
< ga(T) + e(To(b— 1)) 3 (617 (ln%ﬁ@ %)D

i=1
We split the In(Tp(b — 1)bi~1) term in two, and once again, the term with ln(TO(b — 1)) gives a
O(bEr~1) (by a geometric sum), which gets included in g3(7") = o(T7(InT)?). We focus on the
fastest term, and we can now rewrite the sum from ¢ = 0 to Ly — 1,

B s L1—1 '
< aa() + eTo(o = ) () PO ) Y
=0

In(Ty(b — 1)bi—1)>6
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We naively bound i° by (L7 — 1)°, and use a geometric sum to have

B b

Finally, observe that Ly — 1 < lnb(%) < Iny(T), so the (Inb)? term simplifies, and observe that
pEr—1 < Tlo so the T{) term also simplifies. Thus we get

7 5
TV (In ).

maub—n+1v5mw—1)

§93(T)+c< In(To(b — 1)) b1

The constant multiplicative overhead ¢ depends on « and ¢ as well as on Tj and b, and is
)
In(To(b—1)+1)\° b7 (b—1)"
07,0, Ty, b) 1= (B0 ) " 2= > 1, ]

Minimizing the constant overhead? This constant overhead has two distinct part, £(vy, 6, Tp, b) =
01(9, Ty, b) £2(y,b), with £1 depending on §, Ty and b (equal to 1 if § = 0), and ¢ depending on
and b.

%) ’ > 1 is independent of §
(even if it is 0). If we assume b to be fixed, ¢1(9, Tp,b) — 1 when Ty — co. Moreover, for
any 0 and b > 1, ¢1(9, Ty, b) goes to 1 very quickly when Tj is large enough. For instance, for
y=460= % and b = 3+T\/5 (see Corollary 11), then ¢1(9, Ty, b) ~ 1.109 for Ty = 2, ~ 1.01
for Tp = 10 and ~ 1.0004 for Ty = 100.

e Minimizing this constant overhead ¢1 (9, Ty, b) := (

e To minimize this constant overhead /¢o(7,b) := b”égj)” > 1, we fix v and study h :

b + fa(7,b). The function h is of class C! on (1,00) and h(b) — +oo for b — 1+
and b — o0, so h has a (possibly non-unique) global minimum and attains it. Moreover

B (b) = % (b7 — 2b + 1) has the sign of 7 — 2b + 1, which does not have
a constant sign and does not have explicit root(s) for a generic 7. However, it is easy to
minimizing ¢2(7,b) for b numerically when ~ is known and fixed (with, e.g., Newton’s

method).

The result from Theorem 5 of course implies the result from (Cesa-Bianchi and Lugosi, 2006,
Ex.2.9), in the special case of § = 0 and v = % (for minimax bounds), as stated numerically in the
following Corollary 11.

Corollary 11 [f~ = % and § = 0, the multiplicative overhead ¢ (%, 0,Tv, b) does not depend on Ty.
It is then minimal for b*(%) = % ~ 2.62 and its minimum is 1/ % ~ 3.33. Usually b = 2 is
used, which gives an overhead of % ~ 3.41, close to the optimal value.

In particular, order-optimal and optimal algorithms for the minimax bound have v = % and
f(t) = 0, for which Theorem 8 gives a simpler bound

Rr(Ar) < VT = Rp(DT (A, (To2")ien)) < \/%/f 1cﬁ. (23)
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A.3. Proof of Theorem 10, “Minimax Regret Lower Bound with Exponential Horizons”

Proof Let A’ := DT (A, (T})ien), and consider a fixed stochastic bandit problem. The lower bound
(LB) from Lemma 2 gives

Lr—1

RT(A,) > Z RTi_Ti—l(AT:Ti_Ti—l)

1=0

We can use the hypothesis on A for each regret term, and as 0 < v < 1, we can use Lemma 14
(Eq. (27)) to distribute the power on 7y to ease the proof and obtain

Lr—1
>cT) +c¢ Z (T; — Ti—1)"
i=1
Lr—1
> Ty +c¢ Z (T — T ;) (itis atelescopic sum and simplifies)
i=1
Z‘ﬂg}—1
Observe that 77,1 > (T LT)% by definition of the exponential sequence (Def. 7), and 17, > T'
(Def. 1). For the In(7,,—1) term, we simply have In(77,_1) > 1 In(T) so if ¢ = ¢/b, then we
obtain what we want

Rp(A) > ¢ T,

This lower bound goes from Ry(Ar) = Q(T7) to Rp(DT(A)) = Q(T7), and it looks very
similar to the upper bound from Theorem 8 where Ry (DT (A)) = O(T*) was obtained from
Ry (Ar) = O(T7). ]

Remark It does seem sub-optimal to lower bound 77,1 like this (17,1 > (TLT)%), but we
remind that 7" can be located anywhere in the discrete interval {17,,_1,...,77, — 1}, so in the
worst case when 7' is very close to 17, (and for large enough 7'), we indeed have TgT_l ~ T, and

T, ~ T, so with this approach, the lower bound 77,1 > T cannot be improved.

Appendix B. An Efficient Heuristic, the Doubling Trick with “No Restart”

Let A" := DT noestart (A, (T;)ien) denotes the following Algorithm 2. The only difference with
DT (Algorithm 1) is that the history from all the steps from ¢ = 1 to ¢t = Tj is used to reinitialize
the new algorithm A(¥). To be more precise, this means that a fresh algorithm A®) is created, and
then fed with successive observations (A’(s), Yar(s)s) for all 1 < s < ¢, like if it was playing
from the beginning. Note that A®) could have chosen a different path of actions, but we give it the
observations from the previous plays of A’.
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This obviously cannot be applied to any kind of algorithm A, and for instance any algorithm
based on arm elimination (e.g., Explore-Then-Commit approaches like in Garivier et al. (2016)) will
most surely fail with this approach. This second doubling trick algorithm DT o restart can be applied
in practice if A is index-based and uses the horizon 7" as a simple numerical parameter in its indexes,
like it is the case for instance for AFHG (cf. Eq. (21)). or kl-UCB™™ (cf. Eq. (22)).

Input: Bandit algorithm A, and sequence (7;);cn

1 Leti = 0, and initialize algorithm A(®) = A7, .

2fort=1,...,Tdo

3 if ¢ > T; then // Next horizon T;;; from the sequence
4 Let: =14 1.

5 Initialize algorithm A®) = Ap,_1 .

6 Update internal memory of A with the history of plays and rewards from A;_;.
7 end

8 Play with A®): play arm A’(t) :== A® (¢t — T;), observe reward r(t) = Yart) e

9 end
Algorithm 2: The Non-Restarting Doubling Trick Algorithm, A" = DT o restart (A, (T})ien)-

However, it is much harder to state any theoretical result on this heuristic D7 porestart- We
conjecture that a regret upper bound similar to (UB) from Lemma 2 could still be obtained, but
it is still an open problem that the authors do not know how to tackle for a generic algorithm.
The intuition is that starting .A(®) with some previous observations from the (same) i.i.d. process
(Y.s) ke{l,..,K},seN can only improve the performance of AW and lead to a smaller regret on the
interval {T;, ..., Ti11 — 1}.

Appendix C. Basic but Useful Results

All the logarithm In are taken in base e = exp(1) (i.e., natural logarithm In, but In is preferred for
readability). Logarithms in a basis b > 1 are denoted In(x) := lﬁ’l—gg, forany x € R, z > 0.

We remind that | x| denotes the integer part of x € R, and for = > 0, that is the unique integer ¢
such that i < x < i + 1. The only property we use is its definition and the fact that || < x. We
also define [z ]| := 1 + |z] for z > 0, which is the unique integer j such that j — 1 < z < j.

C.1. Weighted Geometric Inequality
Lemma 12 (Weighted Geometric Inequality) For anyn € N*, b > land § > 0, and if f is a

function of class C1, non-decreasing and non-negative on [0, 00), we have

SO < g f) ). @4
=0
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Proof By hypothesis, f is non-decreasing, so Vi € {0,...,n}, f(i) < f(n), and so by using the
sum of a geometric sequence, we have

n n
o , 1 v
S IO < fn) (Z(b%é) < f) o () = (P
i=0 i=0
f(i) = 1 gives the geometric inequality. Note that if we make § — 0, the left sum converges to
> iy f(i) and the right term diverges to +oco, making this inequality completely uninformative. l

C.2. Another Sum Inequality
bi

This second result is similar to the previous one but for a “doubly exponential” sequence, i.e., a’ , as
it also bounds a sum of increasing terms by a constant times its last term.
Lemma 13 Foranyn € N*, a > 1, b > 1 and v > 0, we have
n
Sy <av+ <1 + 1) (a”)" = 0((&”)7) . (25)
(In(a))(In(67))

1=0

Proof We first isolate both the first and last term in the sum and focus on the from 7 = 1 sum up to
i =n — 1. As the function ¢ (abt)7 is increasing for ¢ > 1, we use a sum-integral inequality, and

then the change of variable u := b’ is of class C', of Jacobian dt = ﬁ%, gives

n—1 n b

i 1 v v

> (@) < / " di < / L du

i—1 1 lﬂ(m) vb u
Now for © > 1, observe that % < a", and as vb > 1, we have

a" du a’’ = ————(a" ) .
= () Jy, = In(57) In(a) (In{a)) (I (5))
n .

Finally, we obtain as desired, > (a”')? < a” 4 (a*")7 + —rvm—r=rs (@), [ |

= (In(a))(In(b7))

C.3. Basic Functional Inequalities

These functional inequalities are used in the proof of the main theorems.
Lemma 14 (Generalized Square Root Inequalities) Forany z,y > 0and0 < § < 1,

(z+y)° <2’ +4°. (26)
And conversely for any 0 < § < 1, and z,y > 0, if © > y then

(z —y)° > a® — 4. 27)
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Proof Fix yy > 0. Let f(z) := (z + y)° — (2° + ¢°) for z > 0. First, f(0) = y° — y® = 0, and as
§ > 0, f is differentiable on [0, o), with f'(x) = (Ind)(z +y)° — (In8)z? = (In8)((z +y)° —2?),
andas § < 1,Iné < 0, and (z + y)° > 2%, so f/(z) < 0 for any x > 0. Therefore, f is non-
increasing, and so Vz > 0, f(z) < f(0) = 0, so f is non-positive, giving the desired inequality (for
any y > 0 and any =z > 0).

The second inequality is a direct application of the first one. Assume x > y, and let2’ = x —y >
0, then (2' + y)° < (2')? 4 4. This gives (z — y)° = (2/)? < (2' +9)° —y? = 2% —9°. [

Lemma 15 (Bounding In(z — A)) Letxzg > 1and 0 < A < ¢ (e.g., A < 1), then

In(zp — A)

>
YTz @0, e

In(z) <In(z — A) < In(x). (28)

With A = 1, it implies that if To > 1, b > 1 satisfy To(b — 1) > 1, then for any i € N, we have

In(Ty(b—1) — 1)
In(To(b— 1))

In(Ty(b —1)b* — 1) > In(Ty(b — 1)b"). (29)

Proof Let f(z) := ml(f(;)A)
fl(z) = % > 0 as In is increasing. So f is increasing, and its minimum is attained at
T =10, e, V2 > o, () > f(ag) = P22 > 0, which gives Eq. (28).

The corollary is immediate but stated explicitly for clarity when used in page 12. |

, defined for z > zg. Itis of class C!, and by differentiating, we have

Lemma 16 For any vy > 0 and 6 > 0, the function f : x + 27 (Inx)° is increasing on [1,00).

Proof f is of class C! on [1, 00). First, if v > 0, we have f'(z) = 27! (Inz)~! (§ + vyIn(z)). So
f/(x) > 0if and only if § + yIn(z) > 0, that it z > exp(—%). But z > 1 and < 0so f'(z) is
always positive, and thus f is increasing. Then, if v = 0, we have f'(z) = 61(In )91 > 0as
x> 1giveslnz > 0andso (Inz)°~! > 0.

It is also true if v > 0, § > 0 if not both are zero simultaneously. |

C.4. Controlling an Unbounded Sum of Dominated Terms

This Lemma is used in the proofs of our upper bounds (Theorems 5 and 8), to handle the sum of
f(T;) terms. In particular, it can be applied to (7;) the geometric sequence and g(t) = h(t) = t”
or g(t) = h(t) = t(Int)? (for Theorem 5) for v > 0 and § > 0; or (T}) the exponential sequence,
g(t) = t7(Int) and h(t) = t*Y(Int)® (for Theorem 8) for v > 0 and § > 0. Note that it would be
obvious if L7 was bounded for T' — oo, but a more careful analysis has to be given as L1 — c0.

Lemma 17 Let f, g and h be three positive, diverging and non-decreasing functions on [1,00),

such that f(t) = o(g(t)) for t — oo. Let a non-decreasing diverging sequence (T;);cn, and a
diverging sequence (L1)ren (i.e., T; — oo fori — oo and Ly — oo if T — 00), such that there
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Lt
exists a constant ¢ > 0 satisfying VT > 1, Z 9(T;) < cx h(T).

=0
Then the (unbounded) sum of dominated terms f(T;) is still dominated by h(T), i.e.,

Ly L
0,5, 00(0) and 2 0.3 19(T) < ex WT) = 3 ST = olh(T). GO

Proof By hypothesis, if f is dominated by g, formally f(t) = o(g(t)), then there exists a positive
function £(¢) such that f(¢) = g(t)e(t) and £(¢) — 0 for t — 0. Fix n > 0, as small as we want,
then there exists 75, > 1 such that V¢ > T}, ¢(t) < 7. Let i, such that T;, 1 < T, <T; . Now for
any T' > T}, and large enough so that Ly > T}, we can start to split the sum

in—1

Lt
DMy =3 ST +Zf
=0

=0 = 7‘77

The first sum is naively bounded by i, x f(7, 1) as f is increasing, and for the second sum, for
any i > iy, T; > T, and so f(T;) = e(T;)g(T;) < ng(Ts), thus

Lt

<inf(Tiy—1) +nx [ Y 9(Th)

=iy

The sum is smaller than a sum on a larger interval, as g(7;) > 0 for any ¢, and f is increasing so

< inf(T, +77<Zg )

But now, f(7T},) < ng(T,) by hypothesis, and this sum is smaller than ¢ x h(T) also by hypothesis
<vign % g(Ty) +ne x M(T) = 1 (ing(Ty) + ¢ x W(T))

Finally, we use the hypothesis that h(7") is diverging and as 1 and 7}, are both fixed, there exists a
T > T, large enough so that i,g(7},) < h(T) for all " > T,,. And so we have finally proved that

Vi >0, 3T, >1, VT > T, Zf ) < nlc+1) x h(T).

Lt
This concludes the proof and shows that » f(7;) = o(h(T')) as wanted. [ |
i=0

Appendix D. Additional Experiments

We presents additional experiments, for Gaussian bandits and for the heuristic DT po-restart-

D.1. Experiments with Gaussian Bandits (with Known Variance)

We include here another figure for experiments on Gaussian bandits, see Fig. 5.
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Cumulated regrets for different bandit algorithms, averaged 1000 times
9 arms: [N(—4,1), N(—3,1), N(~2,1), N(~1,1), N(0, 1), N(1, 1), N(2,1), N(3, 1), N(4,1) ]
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Figure 5: Regret for DT, for K = 9 Gaussian arms N (u, 1), horizon T = 45678, n = 1000
repetitions and g uniformly spaced in [—5, 5]%. On “easy” problems like this one, both UCB and
AFHG perform similarly and attain near constant regret (identifying the best Gaussian arm is very
easy here as they are sufficiently distinct). Each doubling trick also appear to attain near constant
regret, but geometric doubling (b = 2) and slow exponential doubling (b = 1.1) are slower to
converge and thus less efficient.

D.2. Experiments with DT pq.restart

As mentioned previously, the DT o restart algorithm (Algorithm 2) is only an heuristic so far, as no
theoretical guarantee was proved for it. For the sake of completeness, we also include results from
numerical experiments with it, to compare its performance against the “with restart” version DT .

As expected, DT no-restart €njoys much better empirical performance, and in Figs. 6 and 7 we see
that a geometric or a slow exponential doubling trick with no restart with kl-UCB™™ can outperform
kl-UCB and perform similarly to the non-anytime kl-UCB™*. But as observed before, the regret
blows up after the beginning of each new sequence if the doubling sequence increase too fast (e.g.,
exponential doubling). Despite what is proved theoretically in Theorem 6, here we observe that the
geometric doubling is the only one to be slow enough to be efficient.
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Cumulated regrets for different bandit algorithms, averaged 1000 times
9 arms: Bayesian MAB, Bernoulli with means on [0, 1]
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Figure 6: Regret for K = 9 Bernoulli arms, horizon 7' = 45678, n = 1000 repetitions and p taken
uniformly in [0, 1], for DT no-restart. Geometric doubling (e.g., b = 2) and slow exponential doubling
(e.g., b = 1.1) are too slow, and short first sequences make the regret blow up in the beginning of the
experiment. Att = 40000 we see clearly the effect of a new sequence for the best doubling trick
(T; = 200 x 2%). As expected, kI-UCB*" outperforms kI-UCB, and if the doubling sequence is
growing fast enough then DTno_restm(kI—UCBJﬁL) can perform as well as kl-UCB.

Cumulated regrets for different bandit algorithms, averaged 1000 times
9 arms: [B(0.1), B(0.2), B(0.3), B(0.4), B(0.5), B(0.6), B(0.7), B(0.8), B(0.9) ]
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Figure 7: K = 9 Bernoulli arms with p evenly spaced in [0, 1]%. On easy problems like this
one, both kl-UCB and kI-UCB™™ are very efficient, and here the geometric allows the DT po-restart
anytime version of kl-UCB™™ to outperform both kI-UCB and kI-UCB* ™.
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Appendix E. New Lower Bound in the Intermediate Regime

Defining T; = |exp(aexp(f(i)))] where f is some increasing function that tends to infinity.
The last term operator is

Lr = min{i e N:T;_1 <T <T;}
= min{i € N: f(i) > In(In(T") /) }.

Therefore, it holds that Ly > f~! (In (In(T) /).

The usual geometric doubling trick corresponds to f (i) = In(7), while the exponential doubling
trick corresponds to f being a linear function. We provide lower bounds in this section showing that
some type of doubling sequence cannot preserve logarithmic bounds.

Theorem 18 Fix c some constant and let A be an online algorithm against a stochastic adversary
satisfying
VT € N,Rp(Ar) >c(InT).

Fixa € RY, b € (0,1] and let f,(t) = t°. Let (T});en be the doubling sequence associated to fi, and
a and denote by A’ the corresponding doubling algorithm. There exists Ty, such that

VT > Ty, Rp(A)>¢ (InT)(InlnT) s . 31)

We will repeatedly use the fact that for all z > 3, In(z — 1) > (1/2)In(z). Let n; € N* such
that for all = > nq,

In3

exp (aefb@) — exp (aefb@'—l)) >3 and eft() — oH(-1) > 19
(@

(this is possible as in the two expressions the left hand-side tends to infinity as ¢ tends to infinity).
Note that for all 7 > 0,

T —Ti—1 > exp (aef”(i)> — exp <aefb(i_1)> —1.
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Using the lower bound (LB) from Lemma 2 together with the assumption on algorithm A yields,
for all T" such that L+ > nq + 1,

Lr—1
Rr(A) > ¢}, (n(T; —T;1))
LZTiOl fo@) foli=1)
> c%ln(exp(aeb )—exp(ae” )—1)
> ¢ Lil In <exp <aefb(i)> — exp (aefb(i*l)»
s
> ¢ Lil [aefb(i_l) +1In (exp (a [efb(z) efb(z_l)D - 1)]
R e
. Lil {aefb(z‘—l) L1, (e - efbu—l))}
-2 = 2
_ ¢ [LTzl aeh-D 4 L (efbwT—l) _ enm—n)]
2 = 2
ac NoC
> o i_%:_lefb@) _ ZOéefb(m—l)
> % o el dy —Eaefb(m*l).

ni

=Ir

In order to prove a lower bound for a specific sequence characterized by « and f3, it is thus sufficient
to lower bound the integral Z; defined above.

1
Note that L > (1n (@)) * hence

In( 2T by B
Ir > /(ﬂ( * )> et dtzl/ T’bu%be” du,
n n

! b Juk

o=

[0}

1 b
where Bty 1= [(ln (@)) b 1} , using the change of variable u = t (of class C1). Assume

now that 7" large enough so that By, > n; + 1. Using that u — u % e" is non-decreasing and
positive yields

Bryp _ >
Ir > 1/ u'T et du > 1(BT,b — e
b Brp—1 b
1—

, L Brp—1 N poin(n(r
g T - _Dbry— 1 T,b nn)/a).

e ) (/) 5 x () © e

& (T)
&(T)
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As By, ~ In(In(T") /a) when T' — 00, £ (T)) ~ 1 and there exists some constant 7} such that
if T is larger than T3, &1 (T) > 5. As for &(T), it can be rewritten

E(T) = exp (h(In(In(T)/a))), with h(u) = (u'/® = 1) —u.

It can be shown that A(u) < 0 for all w > 1 and that h is increasjng. Therefore, there exists a
constant ¢z < 0 such that h(u) > c; for all u > 1. Hence, for T' > T such that In(In(T") /o) > 1,
& (T) > exp(ca) > 0. It follows that for T > Ty = max (11, T»),

€2 1-b

¢ ~(In7) (In (InT/e)) 7.

Ir >

Appendix F. Some thoughts about an upper bound for the exponential doubling

We study f(¢) = ct in this section and study what happens with an algorithm having a 7" regret.
Note that setting ¢ = In(b) and o = In(a) we recovers our previous T; = |a’'|.

We convinced ourselves in Toulouse that we cannot improve the upper bound with our current
technique of upper bounding everything by the last term and evaluating the last term, as this last term
(T1,)" can be shown to be “of order” to 77 (see details below).

One may think that this approach was sub-optimal and study instead the less crude upper bound

Lt

S (T —Tia)?

t=0

We start by providing an equivalent of each term in this sum. First note that we will sometimes get
rid of some floors when doing asymptotic developments as | x;| ~ x; for any sequence x; — c0. As
T —Ti—1 =Ti—1 (T;/Ti—1 — 1), we first study

T;
Ti1

~ exp (a(e‘j — ec(i_1)> = exp (aec(i_l)(ec — 1))

= (eXp (aec(ifl)>)ec_l ~ (Tr_p)e 1

Hence T;/T;_1 — 1 ~ (T;_1)*~! and producting two equivalents yields
T, =Ty~ (T 1) ~ explact exp(cli — 1)) = exp(aexp(ci)) ~ Ti.

This actually shows that there is nothing to gain with using the tighter sum (the “plot” should thus
have been increasing...)
More precisely, our analysis is tight in the following sense

Lemma 19 For any exponential doubling sequence,
— 00

S e
=0
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If this is true, then I can prove the following:

In [Zf:To(Tz —T;1)"

lim su = = ¢°
oo In[77]
and )
n [ S (T - Ty
lim inf & =

which shows that we cannot hope for better than our previous upper and lower bounds if we start
from the Lemma 2. And as for a non-anytime algorithm, we can never control the intermediate regret
R, for t < T, we have not hope to be able to use what happens between L7 — 1 and L1 hence
Lemma 2 was not such a bad start...

Maybe we need something slightly slower, like f(i) = ci/In(7), I will try to check numerically
whether 77, = ©(T') in that case (which is what would make the upper bound work...)
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